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a b s t r a c t
The object of the present work is to study a three-dimensional normal almost contact
metric manifold which is locally φ-symmetric andwhose Ricci tensor is η-parallel. First we
obtain a necessary and sufficient condition for a three-dimensional normal almost contact
metric manifold to be locally φ-symmetric. Next we prove that in such a manifold with
α, β = constant if the Ricci tensor is η-parallel, then the manifold is locally φ-symmetric.
Finally, an example of a three-dimensional locally φ-symmetric normal almost contact
metric manifold is given.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
LetM be an almost contact manifold and (φ, ξ, η) its almost contact structure. This means thatM is an odd-dimensional
differentiable manifold and φ, ξ, η are tensor fields onM of types (1, 1), (1, 0), (0, 1), respectively, such that
φ2 = −I + η ⊗ ξ, η(ξ) = 1.
Then also φξ = 0, η ◦ φ = 0. Let R be the real line and t a coordinate on R. Define an almost complex structure J onM ×R
by
J
(
X,
λd
dt
)
=
(
φX − λξ, η(X) d
dt
)
,
where the pair (X, λd/dt) denotes a vector tangent toM × R, X and λd/dt is tangent toM and R, respectively.
M and (φ, ξ, η) are said to be normal if the structure J is integrable [1,2]. The necessary and sufficient condition for
(φ, ξ, η) to be normal is
[φ, φ] + 2dη ⊗ ξ = 0,
where [φ, φ] is the Nijenhuis torsion of φ defined by
[φ, φ](X, Y ) = [φX, φY ] + φ2[X, Y ] − φ[φX, Y ] − φ[X, φY ],
for any X, Y ∈ χ(M), χ(M) being the Lie algebra of vector fields onM.
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We say that the form η has rank r = 2s if d(η)s 6= 0 and η ∧ d(η)s = 0, and has rank r = 2s + 1 if η ∧ d(η)s 6= 0. We
also say that r is the rank of the structure (φ, ξ, η).
A Riemannian metric g onM satisfying the condition
g(φX, φY ) = g(X, Y )− η(X)η(Y ),
for anyX, Y ∈ χ(M), is said to be compatiblewith the structure (φ, ξ, η). If g is such ametric, then the quadruple (φ, ξ, η, g)
is called an almost contact metric (for short a.c.m.) structure on M and M is an almost contact metric manifold. On such a
manifold we also have η(X) = g(X, ξ) for any X ∈ χ(M) and we can always define the 2-form Φ by Φ(X, Y ) = g(X, φY ),
where X, Y ∈ χ(M).
It is no hard to see that if dimM = 3, then two Riemannianmetrics g and g ′ are compatible with the same almost contact
structure (φ, ξ, η) onM if and only if g ′ = σg + (1− σ)η ⊗ η, for a certain positive function σ onM.
Anormal (a.c.m.) (φ, ξ, η, g) satisfying additionally the condition dη = Φ is called Sasakian. Of course, any such structure
onM has rank 3. Also a normal (a.c.m.) structure satisfying the condition dΦ = 0 is said to be quasi-Sasakian [3].
In a recent paper [10], Olszak studied the curvature properties of a normal almost contact manifold of dimension 3
with several examples. On the other hand, Takahashi [11] introduced the notion of locally φ-symmetry for a Sasakian
manifold and in the context of contact geometry the notion of φ-symmetry is introduced and studied by Boeckx, Buecken
and Vanhecke [4], with several examples.
In the present work we study locally φ-symmetry in a normal (a.c.m.) manifold. After preliminaries in Section 3, it is
proved that a normal (a.c.m.) manifold is locally φ-symmetric if and only if the scalar curvature is constant provided α and
β are constants. In the next section we prove that if for a normal (a.c.m.) manifold the Ricci tensor is η-parallel, then the
manifold is locally φ-symmetric provided α and β are constants. Finally we construct an example of a locally φ-symmetric
normal (a.c.m.) manifold whose scalar curvature is constant.
2. Preliminaries
For an (a.c.m.) structure (φ, ξ, η, g) onM , we have [10]
(∇Xφ)(Y ) = g(φ∇Xξ, Y )ξ − η(Y )φ∇Xξ, (2.1)
∇Xξ = α{X − η(X)ξ} − βφX, (2.2)
where 2α = div ξ and 2β = tr(φ∇ξ), div ξ is the divergence of ξ defined by div ξ = trace{X −→ ∇Xξ} and
tr(φ∇ξ) = trace{X −→ φ∇Xξ}.
R(X, Y )ξ = {Yα + (α2 − β2)η(Y )}φ2X − {Xα + (α2 − β2)η(X)}φ2Y
+{Yβ + 2αβη(Y )}φX − {Xβ + 2αβη(X)}φY , (2.3)
S(Y , ξ) = −Yα − (φY )β − {ξα + 2(α2 − β2)}η(Y ), (2.4)
ξβ + 2αβ = 0, (2.5)
where R denotes the curvature tensor and S is the Ricci tensor.
On the other hand, the curvature tensor in dimension 3 always satisfies
R˜(X, Y , Z,W ) = g(X,W )S(Y , Z)− g(X, Z)S(Y ,W )+ g(Y , Z)S(X,W )− g(Y ,W )S(X, Z)
− r
2
[g(X,W )g(Y , Z)− g(X, Z)g(Y ,W )], (2.6)
where R˜(X, Y , Z,W ) = g(R(X, Y )Z,W ) and r is the scalar curvature.
From (2.3), we can derive that
R˜(ξ , Y , Z, ξ) = −(ξα + α2 − β2)g(φY , φZ)− (ξβ + 2αβ)g(Y , φZ). (2.7)
By (2.4), (2.6) and (2.7), we obtain for α = constant and β = constant,
S(Y , Z) =
( r
2
+ α2 − β2
)
g(φY , φZ)− 2(α2 − β2)η(Y )η(Z). (2.8)
Applying (2.8) in (2.6), we get
R(X, Y )Z =
[ r
2
+ 2(α2 − β2)
]
[g(Y , Z)X − g(X, Z)Y ] + g(X, Z)
[( r
2
+ 3(α2 − β2)
)
η(Y )ξ
]
−
[ r
2
+ 3(α2 − β2)
]
η(Y )η(Z)X − g(Y , Z)
[( r
2
+ 3(α2 − β2)
)
η(X)ξ
]
+
[ r
2
+ 3(α2 − β2)
]
η(X)η(Z)Y . (2.9)
It is to be noted that the general formulas can be obtained by straightforward calculation.
From (2.5) it follows that if α, β = constant, then the manifold is either β-Sasakian, or α-Kenmotsu [8] or
cosymplectic [1].
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Proposition 1. A three-dimensional normal (a.c.m.) manifold with α, β = constant is either β-Sasakian, or α-Kenmotsu or
cosymplectic.
We note that β-Sasakian manifolds are quasi-Sasakian [3]. They provide examples of C(λ)-manifolds with λ > 0.
An α-Kenmotsu manifold is a C(−α2)-manifold [7].
Cosymplectic manifolds provide a natural setting for time dependent mechanical systems as they are local products of a
Kaehler manifold and a real line or a circle [5].
3. Locally φ-symmetric normal almost contact manifolds of dimension 3
Definition 1. The normal almost contact metric manifold is said to be locally φ-symmetric if
φ2(∇WR)(X, Y )Z = 0,
for all vector fieldsW , X, Y , Z orthogonal to ξ .
This notion was introduced by Takahashi for Sasakian manifolds [11].
Let us consider a three-dimensional normal almost contactmanifold. Firstly, differentiating (2.9) covariantlywith respect
toW , we get for α, β = constant
(∇WR)(X, Y )Z = dr(W )2 [g(Y , Z)X − g(X, Z)Y ]
+ g(X, Z)
[
dr(W )
2
η(Y )ξ +
{ r
2
+ 3(α2 − β2)
}
{(∇Wη)(Y )ξ − η(Y )∇W ξ}
]
− g(Y , Z)
[
dr(W )
2
η(X)ξ +
{ r
2
+ 3(α2 − β2)
}
{(∇Wη)(X)ξ − η(X)∇W ξ}
]
−
[
dr(W )
2
η(Y )η(Z)+
{ r
2
+ 3(α2 − β2)
}
{(∇Wη)(Y )η(Z)+ η(Y )(∇Wη)(Z)}
]
+
[
dr(W )
2
η(X)η(Z)+
{ r
2
+ 3(α2 − β2)
}
{(∇Wη)(X)η(Z)+ η(X)(∇Wη)(Z)}
]
. (3.1)
The general formulas can be obtained by straightforward calculations.
Now for locally φ-symmetry we take X, Y , Z,W orthogonal to ξ . Then from (3.1), we get
φ2(∇WR)(X, Y )Z = dr(W )2 (g(Y , Z)X − g(X, Z)Y ). (3.2)
Hence from (3.2), it follows that φ2(∇WR)(X, Y )Z = 0 if and only if the scalar curvature r is constant.
Therefore, we can state the following:
Theorem 1. A three-dimensional normal almost contact metric manifold is locallyφ-symmetric if and only if the scalar curvature
is constant provided α and β are constants.
From Proposition 1 and Theorem 1 we have the following corollary:
Corollary 1. A three-dimensional β-Sasakian manifold is locally φ-symmetric if and only if the scalar curvature is constant.
If in particular β = 1 then the β-Sasakian manifold reduces to a Sasakian manifold. Hence we can state the following
corollary:
Corollary 2. A three-dimensional Sasakian manifold is locally φ-symmetric if and only if the scalar curvature is constant.
The above corollary has already been proved by Watanabe [12] in another way.
Similar results hold for an α-Kenmotsu manifold or a cosymplectic manifold.
If in particular α = 1 then the α-Kenmotsu manifold reduces to a Kenmotsu manifold. Hence the following corollary
holds:
Corollary 3. A three-dimensional Kenmotsu manifold is locally φ-symmetric if and only if the scalar curvature is constant.
The above corollary has already been proved by De and Pathak [6] in another way.
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4. η-parallel Ricci tensor
Definition 2. The Ricci tensor S of an almost contact metric manifold is called η-parallel if it satisfies [9]
(∇XS)(φY , φZ) = 0
for all vector fields X, Y and Z .
Let us consider a three-dimensional normal almost contact manifold. Replacing Y by φY and Z by φZ in (2.8), we have
S(φY , φZ) =
( r
2
+ α2 − β2
)
[g(Y , Z)− η(Y )η(Z)]. (4.1)
Differentiating Eq. (4.1) covariantly with respect to X,we obtain
(∇XS)(φY , φZ) = dr(X)2 [g(Y , Z)− η(Y )η(Z)] −
( r
2
+ α2 − β2
)
[(∇Xη)(Y )η(Z)+ η(Y )(∇Xη)(Z)].
Suppose the Ricci tensor is η-parallel. Then, we get from the above
dr(X)
2
[g(Y , Z)− η(Y )η(Z)] −
( r
2
+ α2 − β2
)
[(∇Xη)(Y )η(Z)+ η(Y )(∇Xη)(Z)] = 0. (4.2)
Then putting Y = Z = ei in (4.2), where {ei} is an orthonormal basis of the tangent space at each point of the manifold, and
carrying out summation over i, 1 ≤ i ≤ 3, we obtain
0 = dr(X)− 2
( r
2
+ α2 − β2
)
(∇Xη)(ξ).
From (2.2) and η(ξ) = 1, we get (∇Xη)(ξ) = 0. Hence, from the above equation, it follows that
dr(X) = 0,
that is, r is constant. Thus we get the following:
Theorem 2. In a three-dimensional almost contact metric manifold with η-parallel Ricci tensor, the scalar curvature is constant
provided α and β are constants.
From Theorems 1 and 2, we can state the following:
Corollary 4. A three-dimensional almost contact metric manifold with constant α, β and with η-parallel Ricci tensor is locally
φ-symmetric.
5. Example of a locally φ-symmetric normal almost contact metric manifold of dimension 3
We consider the three-dimensional manifold M = {(x, y, z) ∈ R3, z 6= 0}, where (x, y, z) are the standard coordinates
of R3. The vector fields
e1 = z ∂
∂x
, e2 = z ∂
∂y
, e3 = z ∂
∂z
,
are linearly independent at each point ofM . Let g be the Riemannian metric defined by
g(e1, e3) = g(e1, e2) = g(e2, e3) = 0,
g(e1, e1) = g(e2, e2) = g(e3, e3) = 1.
Let η be the 1-form defined by η(Z) = g(Z, e3) for any Z ∈ χ(M). Let φ be the (1, 1)-tensor field defined by
φ(e1) = −e2, φ(e2) = e1, φ(e3) = 0.
Then using the linearity of φ and g , we have
η(e3) = 1,
φ2Z = −Z + η(Z)e3,
g(φZ, φW ) = g(Z,W )− η(Z)η(W ),
for any Z,W ∈ χ(M). Then for e3 = ξ , the structure (φ, ξ, η, g) defines an almost contact metric structure onM.
Let ∇ be the Levi-Civita connection with respect to metric g . Then we have
[e1, e2] = 0, [e1, e3] = −e1, [e2, e3] = −e2.
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The Riemannian connection ∇ of the metric g is given by
2g(∇XY , Z) = Xg(Y , Z)+ Yg(Z, X)− Zg(X, Y )− g(X, [Y , Z])− g(Y , [X, Z])+ g(Z, [X, Y ]), (5.1)
which is known as Koszul’s formula.
Using (5.1), we have 2g(∇e1e3, e1) = 2g(−e1, e1). Now since g(e1, e2) = 0, we can write
2g(∇e1e3, e1) = 2g(−e1, e1)− 2g(e2, e1) = 2g(−e2 − e1, e1).
Thus,
∇e1e3 = −e2 − e1.
Again by (5.1), 2g(∇e2e3, e2) = 2g(−e2, e2). Now since g(e1, e2) = 0, we can write
2g(∇e2e3, e2) = 2g(−e2, e2)+ 2g(e1, e2) = 2g(e1 − e2, e2). (5.2)
Thus,
∇e2e3 = e1 − e2. (5.3)
Also by (5.1),
∇e3e3 = 0. (5.4)
(5.1) further yields
∇e1e2 = 0, ∇e1e1 = e3,
∇e1e2 = e3, ∇e1e1 = 0, (5.5)
∇e3e2 = 0, ∇e3e1 = 0.
(5.3)–(5.5) tell us that the manifold satisfies (2.2) for α = −1 and β = 1, and e3 = ξ . Hence the manifold is a normal almost
contact metric manifold. With the help of the above results it can be verified that
R(e1, e2)e3 = 0, R(e2, e3)e3 = −e2, R(e1, e3)e3 = −e1,
R(e1, e2)e2 = e1, R(e2, e3)e2 = e3, R(e1, e3)e2 = 0,
R(e1, e2)e1 = −e2, R(e2, e3)e1 = 0, R(e1, e3)e1 = e3.
From this it follows that φ2(∇WR)(X, Y )Z = 0. Hence the three-dimensional normal almost contact metric manifold is
locally φ-symmetric.
Also from the above expressions for the curvature tensor we obtain that the scalar curvature is constant. Hence we note
that here α, β and r are all constants. Therefore from Theorem 1, it follows that the manifold under consideration is locally
φ-symmetric.
Acknowledgements
The authors are grateful to the referees for their comments and valuable suggestions for improvement of this work.
References
[1] D.E. Blair, Contact manifolds in Riemannian geometry, Lect. Notes in Math. 509 (1976).
[2] D.E. Blair, Riemannian Geometry Contact and Symplectic Manifolds, in: Progress in Mathematics, vol. 203, Birkhauser Boston, Inc., Boston, 2002.
[3] D.E. Blair, The theory of quasi-Sasakian structures, J. Differential Geom. 1 (1967) 331–345.
[4] E. Boeckx, P. Buecken, L. Vanhecke, φ-symmetric contact metric spaces, Glasg. Math. J. 41 (1999) 409–416.
[5] F. Cantrijnt, M. de Leon, E.A. Lacomha, Gradient vector fields in cosymplectic manifolds, J. Phys. A 25 (1992) 175–188.
[6] U.C. De, G. Pathak, On 3-dimensional Kenmotsu manifolds, Indian J. Pure Appl. Math. 35 (2004) 159–165.
[7] D. Janssens, L. Vanhecke, Almost contact structures and curvature tensors, Kodai Math. J. 4 (1981) 1–27.
[8] K. Kenmotsu, A class of almost contact Riemannian manifolds, Tohoku Math. J. 24 (1972) 93–103.
[9] M. Kon, Invariant submanifolds in Sasakian manifolds, Math. Ann. 219 (1976) 227–290.
[10] Z. Olszak, Normal almost contact metric manifolds of dimension three, Ann. Polon. Math. XLVII (1986) 41–50.
[11] T. Takahashi, Sasakian φ-symmetric spaces, Tohoku Math. J. 29 (1977) 91–113.
[12] Y. Watanabe, Geodesic symmetric and locally φ-symmetric spaces, Kodai Math. J. 3 (1980) 48–55.
